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Abstract
Let K be an unramified extension of Qp , and denote the ring of integers of K by R =OK . Let
H be an R-Hopf algebra with monogenic dual H ∗. We realize H ∗ as the kernel of an isogeny of
one-dimensional formal groups. This allows us to give a complete list of fields L for which L/K is
H ⊗K-Hopf Galois and S =OL is a free H -module.
 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
Let K be an unramified extension of Qp with residue field k. Let L/K be a wild
extension which is Galois with group G. Let R = OK be the ring of integers of K, and
let S be the integral closure of R in L. A classical question in Galois module theory is
to determine if S is a free A-module, where A is the associated order of S in KG, i.e.,
A = {x ∈ KG | xS ⊂ S}. Leopoldt [17] introduced this order, and showed that if G is
abelian or K = Qp then S is a free A-module. These results were extended for general
local field extensions with L/Qp an abelian extension [18]. The case where L/K is tame
has been understood for some time: rather than consider the associated order to KG, we
can look at the group ring RG, as by Noether’s Theorem L/K is tame if and only if S is
a free RG module [21].
In [7], Childs constructs, for a K-Hopf algebra A, the associated order AA of S in
A when L/K is an A-Hopf Galois extension. The problem addressed in this paper is to
determine if S is a free AA-module. It is necessary to consider Hopf algebras other than
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some A which is not the group ring [4].
In this paper we will construct wild extensions L/K with K/Qp unramified which are
Hopf Galois. Our base field K is found by taking the field of quotients of R = W(k),
the ring of Witt vectors with coefficients in a perfect field k of characteristic p. Rather
than starting with the extension and then finding the Hopf algebra, we will construct, for a
given R-Hopf algebra H , extensions L of K such that L/K is H ⊗R K-Hopf Galois and
the integral closure of R in L is a free H -module. It follows from [7] that H =AH⊗RK in
this case. We will find such extensions for a certain class of R-Hopf algebras, namely the
finite abelian (i.e., commutative and cocommutative) Hopf algebras which are local with
local dual such that the dual Hopf algebra is monogenic, i.e., is generated as an algebra by
a single element.
In order to accomplish the above, we need to express G= SpecH ∗ as the kernel of an
isogeny of two formal groups, where H ∗ is the linear dual of H . In other words, we wish
to find a smooth resolution for G. First, we will find smooth resolutions for the k-Hopf
algebra H/pH , realizing it using only one-dimensional formal groups. Hopf algebras of
this form have been classified in [15] using classical Dieudonné module theory, and we
will see that the particularly nice Dieudonné module description for this class makes it
quite easy to find a smooth resolution.
Following our work over k, we turn our attention to R-Hopf algebras. Again we use
Dieudonné module theory, this time including the theory of Honda systems. Honda systems
were developed by Fontaine to “lift” both group schemes and formal groups to R. To
lift a k-group scheme G (respectively a k-Hopf algebra H ) to R is to find an R-group
scheme G˜ (respectively a R-Hopf algebra H˜ ) such that G˜×SpecR Speck ∼=G (respectively
H˜⊗R k ∼=H ).We will again take advantage of the elementary Dieudonné module structure
to describe the finite group schemes over R represented by monogenic Hopf algebras, as
well as to provide resolutions for these group schemes by one-dimensional formal groups.
The most explicit computations will be done in the case k = Fp (that is, R = Zp), as
there is a one-to-one correspondence between local–local Fp-Hopf algebras and Zp-Hopf
algebras of this type.
Finally, we apply the results obtained to Galois module theory. We will use each
constructed Hopf algebra H to give a collection of wildly ramified extensions S over R
such that H ∗ is the associated order of S in H ∗ ⊗R K. It is shown in [3, Theorem 6.3]
that the local–local R-Hopf algebra H is monogenic if and only if there exists a field
extension L/K such that H ∗ is the associated order, however the smooth resolution for a
Hopf algebra of rank n is obtained using formal groups of dimension n− 1. Our smooth
resolution will use only one-dimensional formal groups. That such a smooth resolution
exists is a result of [1, Theorem A], who proves it for a more general base field. We
take a different direction to get the same results for unramified extensions of Qp, and
the Dieudonné module approach used here gives us a straightforward way of constructing
the resolution.
One drawback to the technique used here is that it is difficult to try a similar approach
when K/Qp has ramification. It is our hope that perhaps one could use the theory of
strongly divisible modules (see [2]) to develop a similar theory in that case.
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and local–local (in other words the group scheme they represent will be connected with
connected Cartier dual).
2. Background
The theory of Hopf Galois extensions was first developed in [6]. There are several
different (but equivalent) ways of defining a Hopf Galois extension. Let S be a finite
R-algebra. A finite cocommutative R-Hopf algebra H makes S/R into an H -Hopf Galois
extension (or H -Galois extension, for short) if S is a left H -module algebra and the
R-linear map j :S ⊗R H →EndR(S) given by
j (s ⊗ h)(t)= sh(t), s, t ∈ S, h ∈H
is an isomorphism. Any Galois extension of fields L/K is A-Galois with A = KG,
G = Gal(L/K). However, there are numerous examples of non-Galois extensions which
areA-Galois for other Hopf algebras, and “classical” Galois extensions which areA-Galois
for many different Hopf algebras—the case where L/K is separable is discussed in [12]
and the case where L/K is purely inseparable is handled in [5].
Let L/K be an A-Galois extension, let R be the ring of integers of K, and let S
the integral closure of R in L. A Hopf order over R is a finitely generated projective
R-submodule H ⊂ A such that H ⊗R K = A and H is an R-sub-Hopf algebra of A (that
is, the operations that make A a K-Hopf algebra restrict to the Hopf algebra operations
on H .) The associated order of S in A is defined by
AA = {α ∈A | αs ∈ S for all s ∈ S}.
This construction is a generalization of the Leopoldt order [17] where A is a group ring.
Clearly AA is an R-algebra and AA ⊗R K = A, and by construction AA is the maximal
order of S in A. However, there are many cases where AA is not a Hopf algebra [7, 5.6].
An important result for our purposes is the following:
Proposition 2.1 [8, 12.5]. Let L/K be an A-Hopf Galois extension, H ⊂AA an order over
R in A, and suppose S is H -free of rank one. Then H =AA.
3. Dieudonné modules, Hopf algebras, and group schemes
Recall that k is the residue field of R, and is thus a perfect field of characteristic p.
We shall describe the correspondence between Dieudonné modules, k-group schemes, and
k-Hopf algebras. Let W =W(k) be the ring of Witt vectors with coefficients in k. Recall
thatW is the collection of infinite-length vectors whose ring operations are given by certain
polynomials: Sn gives the nth vector component for the sum, and Pn gives the nth vector
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polynomials can be found in [14, p. 128]. The ring W(k) is isomorphic to R.
Given any k-algebra A we can also consider the ring of Witt covectors CWk(A) which
is given by {
(. . . , a−n, . . . , a−2, a−1, a0) | ai ∈A
}
with operations induced by the Sn’s as described in [9, p. 1273]. Clearly CWk() can be
viewed as a functor: any φ :A→ B induces a map CWk(φ) :CWk(A)→ CWk(B) given
by applying φ to each coordinate.
Let E be the non-commutative ring of polynomials E = W [F,V ] with the relations
FV = VF = p, Fw = wσF , wV = Vwσ , where w ∈ W and wσ is w with each
component raised to the pth power. Note that if k = Fp, then R = W(k) = Zp and E
is actually commutative since wσ = w. Given any unipotent group scheme G, there is a
natural left E-module structure on D∗(G)= Homk-gr(G,CWk(k)) induced by the action
of the Frobenius and the Vershiebung on CWk(k). The module D∗(G) is the Dieudonné
module associated to G, and there is an antiequivalence between finite abelian connected
unipotent group schemes over k and left E-modules of finite type killed by a power
of F and V . The quasi-inverse to D∗ is M → G(·) = HomF,V (M,CWk(·)). The term
Dieudonné module refers to a left E-module M that is D∗(G) for some G.
Of course, there is a correspondence between Dieudonné modules and (finite abelian
local–local) k-Hopf algebras. To any Dieudonné module M we can associate a k-Hopf
algebra HM in the following way. As a k-algebra, HM = k[Tx | x ∈M] subject to relations
found in [13, II, Section 5]. The comultiplication is given by
∆(Tx)= SN
(
(TVNx ⊗ 1, TVN−1x ⊗ 1, . . . , Tx ⊗ 1); (1⊗ TVNx,1⊗ TVN−1x, . . . ,1⊗ Tx)
)
,
where N is chosen so that VN+1M = 0. The size of the Hopf algebra and the size of the
Dieudonné module are related by
rankk HM = plengthW(k)M.
The Dieudonné module correspondence also works for formal groups, as explained
in [9]. Here a formal group corresponds to a projective limit of Dieudonné modules.
4. Monogenic Hopf algebras, group schemes and smooth resolutions over k
Let H be a monogenic k-Hopf algebra. From [15], the Dieudonné module for H (that
is, D∗(SpecH)) is of the form
Mn,r,α =E/E(Fn,αF r − V ),
where α ∈ k× and 1  r  n. If x is the image of 1 when passing to the quotient
E→E/E(Fn,αF r−V ), then any element in Mn,r,α can be expressed uniquely as h(F )x ,
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Hn,r,α. Note that it is possible for Hn,r,α and Hn,r,β to be isomorphic—exact isomorphism
conditions are defined when k is a finite field in [15] and a more general treatment is given
in [16]. In the case where k is algebraically closed we always have Hn,r,α ∼=Hn,r,β for all
α,β ∈ k×.
Let Gn,r,α = Spec(Hn,r,α). We wish to explicitly describe both Gn,r,α and Hn,r,α. To do
this we start by defining a sequence {αi} of elements of k recursively by
α1 = α, αi = αp1−i αp
r
i−1.
Of course, the sequence also depends on r .
We can describe the group scheme in terms of Witt covectors by
Gn,r,α(A)=
{(
. . . ,0,0, αNap
Nr
, αN−1ap
(N−1)r
, . . . , α1a
pr , a
) ∈ CWk(A) ∣∣ apn = 0},
where N = n/r − 1 (here “ ” denotes the ceiling function). Witt covector addition is
the group operation on Gn,r,α(A), hence it is a subgroup of CWk(A). Alternatively, we
may look at the last factor in each vector and write
Gn,r,α(A)=
{
a
∣∣ apn = 0}
with group operation
a +Gn,r,α(A) b= SN
((
αNa
pNr , . . . , α1a
pr , a
); (αNbpNr , . . . , α1bpr , b)). (∗)
It is clear from this second description that
Hn,r,α = k[x]/
(
xp
n)
,
∆(x) = SN
(
(zN ⊗ 1, . . . , z1 ⊗ 1, x ⊗ 1); (1⊗ zN , . . . ,1⊗ z1,1⊗ x)
)
, (∗∗)
where zi = αixpir .
We will now find a smooth resolution for Gn,r,α. For r ∈ Z+, α ∈ k×, let Gr,α be the
k-group scheme defined by
Gr,α(A) =
{(
. . . ,0, αNap
Nr
, αN−1ap
(N−1)r
, . . . , α1a
pr , a
) ∈CWk(A)∣∣ apn = 0 for some n ∈ Z+}
with operation being the usual Witt covector addition and N related to n as before.
Alternatively, we can describe it by
Gr,α(A)= Nil(A)
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Gr,α = lim−→Gn,r,α
with the maps being the inclusion maps. The Dieudonné module for this group scheme
is Mr,α = D∗(Gr,α) = E/E(αF r − V ). As with the monogenic Hopf algebras, each
element in Mr,α can be expressed as a polynomial h(F ) ∈ k[F ], except in this case there
is no restriction on the degree. Clearly this group is p-divisible as multiplication by p
is an injective endomorphism of Mr,α. The representing Hopf algebra is H = k[x] with
comultiplication given by taking the limit of (∗∗) as N →∞. This p-divisible group can
be completed to a formal group Ĝ which of course is one-dimensional. In fact, the formal
group law is given by
Ĝ(X,Y )= lim
n→∞SN
((
αNX
pNr , . . . , α1X
pr ,X
); (αNYpNr , . . . , α1Ypr , Y )).
We need a technical lemma to ensure that this limit is well defined.
Lemma 4.1. For n 0, let
Xn =
(
αnX
prn , αn−1Xp
r(n−1)
, . . . , α1X
pr ,α0X
)
,
Yn =
(
αnY
prn , αn−1Yp
r(n−1)
, . . . , α1Y
pr , α0Y
)
.
Then for all n, Sn(Xn;Yn)≡ Sn−1(Xn−1;Yn−1)mod deg(pr(n−1)+ 1), in other words the
two polynomials agree up to (but not including) degree pr(n−1) + 1.
This, of course, tells us that limN→∞ SN ≡ SN mod deg (prn + 1), and hence increasing
N merely adds terms of larger degree to the expression.
Proof. We will prove this by complete induction on n. Of course,
S0(X0;Y0) = α0(X+ Y ),
S1(X1;Y1) = α0(X+ Y )− (α1X
pr + α1Ypr )p − (α1Xpr )p − (α1Ypr )p
p
so S1(X1;Y1)≡ S0(X0;Y0)mod deg2.
Now suppose Si(Xi;Yi) ≡ Si−1(Xi−1;Yi−1)mod deg(pr(i−1) + 1) for all i  n. We
have
Sn+1(Xn+1;Yn+1)− Sn(Xn;Yn)
=
(
α0(X+ Y )−
n+1∑
p−i
(
(αi+1X)p
ri + (αi+1Y )pri − Sn+1−i
(
Xσ
ri
n+1−i;Yσ
ri
n+1−i
)pri))i=1
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(
α0(X+ Y )−
n∑
i=1
p−i
(
(αiX)
pri + (αiY )Ypri − Sn−i
(
Xσ
ri
n−i;Yσ
ri
n−i
)pri))
=
n∑
i=1
p−i
(
Sn+1−i
(
Xσ
ri
n+1−i;Yσ
ri
n+1−i
)pri − Sn−i(Xσ rin−i;Yσ rin−i)pri)+ Sn(Xσ rnn ;Yσ rnn )prn .
Now since Sn+1−i (Xn+1−i;Yn+1−i)≡ Sn−i (Xn−i;Yn−i )mod deg(pr(n−i)+ 1), it follows
that Sn+1−i (Xσ
ri
n+1−i;Yσ
ri
n+1−i )≡ Sn−i (Xσ
ri
n−i;Yσ
ri
n−i )mod deg(prn + 1). Furthermore, since
Sn(Xσ
rn
n ;Yσ rnn ) consists of terms with lowest degree equal to p2rn, we have that
Sn+1(Xn+1;Yn+1)− Sn(Xn;Yn)≡ 0 mod degprn + 1
and the result follows. ✷
The inclusion Gn,r,α ↪→ Ĝr,α gives a short exact sequence
0 →Gn,r,α → Ĝr,α → Ĝr,α → 0;
in fact, Gn,r,α = kerFn : Ĝr,α → Ĝr,α. To summarize,
Proposition 4.2. Any k-group scheme represented by a monogenic Hopf algebra is the
kernel of an isogeny of one-dimensional formal groups.
Notice that, in the special case where n = r + 1 the isogeny is [p] since p = VF =
αF r+1 = αFn. Furthermore, if n= s(r + 1) the isogeny becomes [ps ]. We will examine
this case in more detail in the next section.
5. Formal groups and Hopf algebras over W(k)
We now turn our attention to monogenic W(k)-Hopf algebras. We will obtain these
Hopf algebras by lifting the Hopf algebras over k to W(k). We will lift not only the group
scheme but the entire smooth resolution obtained in the previous section. Thus over W(k)
we will have smooth resolutions for our group schemes. The tools to lift our group schemes
and formal groups are called Honda systems. We will summarize the theory below, but the
details can be found in [9,10], as well as in [22], where the term “filtré” (filtered) is added.
We start by defining Honda systems.
Definition 5.1. (1) A free Honda system is a pair (M,L) where M is an E-module and
L⊂M is a W(k)-submodule such that
(a) M is a free W(k)-module of finite rank;
(b) FM ∩L= pL;
(c) M = L+ FM .
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that
(a) kerV ∩L= 0;
(b) The canonical map L/pL→M/pM →M/FM is an isomorphism.
A morphism of a free (respectively finite) Honda system is an E-module map
ϕ : (M,L)→ (M ′,L′) (respectively (M0,L0)→ (M ′0,L′0)) such that ϕ(L)⊂ L′ (respec-
tively ϕ(L0)⊂ L′0).
There is an antiequivalence between the category of free Honda systems with F
topologically nilpotent and formal groups over W(k). Additionally, there is an anti-
equivalence between finite Honda systems with F nilpotent and finite connected groups
over W(k).
It is not the case that every monogenic k-Hopf algebra lifts. In fact, it turns out that
Hn,r,α lifts to W(k) if and only if n divides r + 1 [15, Theorem 2]. In the case that
n = s(r + 1) we let L0,g be the free Ws(k)-submodule of Mn,r,α = E/E(Fn,αF r − V )
generated by any polynomial g(F ) ∈ k[F ] of degree less than n− 1 with nonzero constant
term. Then (Mn,r,α,L0,g) is a finite Honda system. Again, it is not the case that different
choices of g(F ) necessarily give nonisomorphic lifts—for example, every monogenic
Fp-Hopf algebra that lifts does so uniquely to Zp [15, 5.2]. We shall denote the W(k)-
group scheme that corresponds to (Mn,r,α,L0,g) by Gs,r,α,g where n= s(r + 1).
We will now describe the lifted Hopf algebras in the case where g(F ) = x, where as
before x is the image of 1 ∈ E in Mn,r,α . (In the case where W(k) = Zp this is in fact
all of the lifts.) Generally, given a finite Honda system (M,L) with M = D∗(G), the
W(k)-group scheme G˜ it determines is given by, for any finite W(k)-algebra A,
G˜(A)= HomF,V ,L
(
M,CWk(A/pA)
)
, L(A)= ker(wA)⊂ CWk(A/pA),
where wA :CWk(A/pA)→ (A⊗W(k) K)/A given by
wA(. . . , a−2, a−1, a0)=
∞∑
i=0
a˜
pi
−i
pi+1
,
where a˜−i is a lift of ai to A. (This map does not depend on the choice of the lift.) When
considering the case where g(F )= x we have a correspondence between Gs,r,α,x(A) and{
φ ∈G(A/pA) ∣∣CWk(φ)(g) ∈ kerwA}
which we will, by abuse of notation, also call Gs,r,α,x(A). Clearly for a ∈Gs,r,α,x(A) we
have apn = 0 ∈A/pA. If we let α0 = 1, we obtain
Gs,r,α,x(A)=
{
a ∈A/pA
∣∣∣∣ N∑ (αi a˜pri )pipi+1 ∈A
}
,i=0
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as
Gs,r,α,x(A)=
{
a ∈A/pA ∣∣ f (a˜) ∈ pN+1A}.
Furthermore, we can pick the lift of a such that in fact f (a˜)= 0: while not trivial, it can be
done by realizing that if f (a˜)= ptb for some b ∈A, then f (a˜−ptb) ∈ pt+1A – repeating
this procedure will generate the necessary a˜. Thus
Gs,r,α,x(A)=
{
a˜ ∈A ∣∣ f (a˜)= 0}
and hence Gs,r,α,x = Spec(Hs,r,α,x), where Hs,r,α,x = W(k)[x]/(f (x)). The group
operation on Gs,r,α,x (and hence the comultiplication on H˜ ) is obtained by viewing
Gs,r,α,x(A) as a subgroup of G(A/pA). A similar calculation can be done for general
L0,g but it is considerably more messy.
On the other hand, Ĝr,α always lifts:
Lemma 5.2. Let Mr,α =D∗(Ĝr,α), and let g = g(F ) ∈ k[F ] with nonzero constant term.
Let x ∈ Mr,α be the image of 1 ∈ E under the canonical projection. If Lg = {wgx |
w ∈W(k)}, then (Mr,α,Lg) is a free Honda system.
Proof. As Mr,α = E/E(αF r − V ) it is a free W(k)-module, generated by {x,Fx,F 2x,
. . . ,F rx}. Clearly pL = F(VL) ⊂ FM so pL ⊂ FM ∩ L, and any element in both
FM and L must be a multiple of p since the constant term of g is in W(k)×, hence
FM ∩L⊂ pL. Write g(F )= g0 + Fg′(F ). Then
x = g−10 g(F )x − g−10 Fg′(F )x ∈ L+ FM.
As any element of M is of the form h(F )x = h0x + Fh′(F )x we have
h(F )x = h0x + Fh′(F )x = h0
(
g−10 g(F )x − g−10 Fg′(F )x
)+ Fh′(F )x
= h0g−10 g(F )x + F
(
h′(F )− g−1/p0 h0Fg′(F )
) ∈L+ FM
so M = L+ FM. ✷
Now, suppose that n= s(r + 1). Recall that Fn = [ps ] induces a smooth resolution
0 →Gn,r,α →Gr,α →Gr,α → 0.
In terms of Dieudonné modules, we have
0→Mr,α p
s
−→Mr,α →Mn,r,α → 0.
The following shows that we can lift the entire sequence.
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endomorphism of (Mr,α,Lg) with cokernel equal to the finite Honda system (Mn,r,α,L0,g).
Proof. That multiplication by ps is an endomorphism is obvious since psLg ⊂ Lg . (Al-
ternatively, multiplication by ps corresponds to the endomorphism [ps ] of the p-divisible
groups which clearly lifts.) Clearly cokerps |Lg = L0,g and the result follows. ✷
Thus we can realize any finite Honda system (Mn,r,α,L0,g) as the cokernel of the
endomorphism of Mr,α given by multiplication by ps . In other words,
Theorem 5.4. Any W(k)-group scheme represented by a monogenic Hopf algebra is the
kernel of an isogeny between two identical one-dimensional formal groups. Furthermore,
the formal group can be chosen such that the isogeny is [ps ] for some s.
6. Applications to Galois module theory
Finally, we discuss the implications of our results to Galois module theory over
R = W(k). For each of our constructed Hopf algebras H we will give a collection of
wild extensions S/R which are H ∗-Galois for which the Hopf algebra is the associated
order of S in A = H ∗ ⊗ K . Once it is established that H ∗ = AA is the associated order,
then we know that S is H ∗-free of rank one [8, 12.7].
Given any finite-dimensional R-Hopf algebra H , we let PH(H) be the set of
isomorphism classes of all extensions S over R such that H is a Hopf Galois object for
S/R, i.e., S/R is H ∗-Galois. (In the literature, this set is also referred to as Gal(H) and
H 1(SpecR,SpecH).) The set PH(H) is in fact a group whose operation can be found in
[8, p. 195]. SupposeH is realized using an isogeny f of two n-dimensional formal groups.
Then there is an isomorphism
(pR)n
/
f
(
(pR)n
) → PH(H),
c → R❏t1, . . . , tn❑
/(
f (t)− c)
[20, Theorem 3.8.4]. (That the two groups were isomorphic was first shown by Mazur and
Roberts in [19], but cohomological methods were used and an explicit isomorphism was
not constructed.)
In our case, H is monogenic, and is realized by the isogeny [ps ] for some formal group.
Proposition 6.1. Let Hs,r,α,g be a monogenic R-Hopf algebra. An R-algebra S is an
Hs,r,α,g-Galois object if and only if S ∼=R❏t❑/([ps ](t)− c) for some c ∈ pR.
Of course, to simplify matters we can use the Weierstrass Preparation Theorem, [11,
p. 14] to write [ps](t) − c = f (t)g(t), where f (t) is a monic polynomial which is
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term of f (t) ∈ pR \ p2R thus f (t) is Eisenstein, hence irreducible. In this case we have
S ∼=R❏t❑/([ps](t)− c)∼=R[t]/(f (t)).
The above proposition, together with [7, 12.5] and [20, 5.3.1] give
Theorem 6.2. Let γ ∈K satisfy [ps](γ ) ∈ pR. Then K[γ ]/K is K ⊗H ∗-Galois, and H ∗
is the associated order in OK[γ ].
Remark. One might ask: is it necessary to use the dual Hopf algebra in these constructions?
The approach taken here appears to be much easier when the Hopf algebras are monogenic.
Of course, it is easy to compute the duals over k since the corresponding Dieudonné module
simply interchanges the roles of F and V . Thus we get
D∗(G∗n,r,α)=E/E(V n,αV r − F).
But now the Hopf algebra is
H ∗n,r,α = k[t1, . . . , tr ]
/(
t
m1
1 , . . . , t
mr
r
)
, mi = p
⌈ n+1−i
r
⌉
(with comultiplications given by applying the Witt addition polynomial SN to certain
objects) which is far more cumbersome to work with.
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